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Ignition Analysis of Unpremixed Reactants with Chain
Mechanism in a Supersonic Mixing Layer

Y. Ju* and T. Niiokat
Tohoku University, Sendai, 980 Japan

Asymptotic analysis is performed to investigate the ignition of a viscous, two-dimensional and supersonic
mixing layer of two parallel streams of oxidant and fuel. A three-step schematic kinetic model proposed by
Birkan and Law is adopted to grasp the essential properties of full chemistry. Ignition is shown to be
characterized by both thermal runaway and chain branching explosion. The lower branch of the characteristic
S-shaped curve, corresponding to a nearly frozen regime, is produced by using the critical Damkohler number
of dimensionless ignition distance, which consists of Damkohler numbers of chain branching reactions and that
of chain termination reaction. The present results show that, in addition to the initial temperature difference of
the two streams, the shear parameters and chemical kinetics have strong effects on ignition distance. Even when
the velocity difference of two streams is not large, dissipation plays a dominant role as a heat source for ignition.
With Mach number increase, ignition moves downstream at first, then reaches a turning point, and finally moves
upstream. This analysis also shows that ignition distance will be greatly shortened with an increase of chain-
branching reaction rates and will be delayed with an increase of chain termination rate.
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Nomenclature
acoustic velocity
frequency factor
specific heat at constant pressure
P

2D
diffusion coefficient
Damkohler number
activation energy
stream function
4?rexp(2i72)
variable defined in Eq. (7c)
characteristic length and chemical characteristic
length
Mach number, i/io/tfio
convective Mach number
M(\ - u20)
chemical heat release
universal gas constant
temperature normalized by rref in Eq. (3)
nondimensional activation temperature
nondimensional velocities in x and y directions,
= «/«ref, v/wref, respectively
fi20/filO
molecular weight
variables defined in Eq. (5)
stretched spatial coordinate
nondimensional space coordinates normalized by 7ref
mass fraction
nondimensional mass fraction of fuel
temperature difference, = r10 - T2o
specific heat ratio
reduced Damkohler number in Eqs. (15) and (16)

= variable defined in Eq. (9)
= £/2V£c and x/l defined in Eq. (5)
= temperature in reaction zone
= viscosity, = A/Pio«io/io
= initial mass fraction of radical
= density, = p/piq
= nondimensional chemical reaction rate
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Subscripts
F =fuel
ig = ignition
O = oxidizer
Ri,R2 = radical
ref = reference parameter in Eq. (3)
10, 20 = value of the oxidizer and fuel streamside, respectively

Superscript
— = physical value

Introduction

T HE recent interest in scramjet engines for hypersonic
vehicles has created a need for efficient analytical meth-

ods to predict ignition and combustion in supersonic flows.
One of the fundamental models, in which both the detailed
chemical kinetics and the complicated transport processes are
involved, is the ignition and flame problem in a supersonic
mixing layer, especially for hydrogen and oxygen. A number
of attempts to understand the mechanisms involved have been
made. Classically, Marble and Adamson1 discussed the igni-
tion lag in the laminar mixing layer of two parallel streams of
a cold combustible gas and a hot inert gas. However, the
solution is not practical enough due to the introduction of
expansion in the stream wise coordinate. Lifian and Crespo2

analyzed the problem by elucidating the ignition, premixed-
flame and diffusion-flame regimes. This approach explained
well the complex phenomena but is confined to isovelocity and
inviscid flow. Jackson and Hussaini3 extended this analysis by
considering small velocity difference and viscosity but re-
stricted it to a small temperature difference. Furthermore, all
the analyses mentioned are based on one-step irreversible reac-
tion kinetics. Although this approach has served combustion
theory well, particularly in the context of activation energy
asymptotics (Williams4), the neglect of radicals has precluded
the modeling of many important phenomena.

Recently, efforts have been made to understand the essences
of practical processes by using the reduced kinetic mechanism
that contains the kinetic information of the elementary mech-
anism. For example, Niioka5 studied the chain branching igni-
tion process of a cold combustible gas by a hot inert gas with
a two-step Zeldovich-Linan model. Tarn and Ludford6 aug-
mented this two-step model by an additional competing reac-
tion and studied the extinction. Birkan and Law7 also analyzed
the structure and extinction of diffusion flames with another
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three-step chain mechanism, which explained the extinction
phenomenon quite well. On the other hand, as an example of
refined reduced kinetic models, Peter and Williams8 and Peter
and Kee9 deduced a three-step chemistry and a four-step chem-
istry through introduction of steady and partial equilibrium
approximations and studied the structure of methane-air
flames. Also using the reduced kinetic mechanism, Trevino
and Mendez10 analyzed the boundary-layer ignition of hydro-
gen/oxygen mixture by a hot flat plate. All of these analyses
are restricted to subsonic incompressible flow. Only one pa-
per, written by the present authors11, is concerned with the
ignition analysis of compressible supersonic mixing layer with
branched chain reaction. However, only the premixed gas is
considered.

The object of the present study is to analyze the ignition of
a viscous, two-dimensional, spatially developing, and super-
sonic mixing layer of two parallel streams of unpremixed
oxidant and fuel, undergoing a three-step reaction kinetics
proposed by Birkan and Law7 and also to predict the ignition
distance and to discuss the effects of free shear, Mach num-
ber, and reaction rates on the ignition distance.

Formulation
The origin of the present problem lies in the recent interest

in the development of air-breathing scramjet engines. In
flight, Mach numbers up to 20 and up to 8 or more in the com-
bust or s are expected. Inlet air temperatures will be 1400-2500
K. Because of the interest in the properties of combustors for
high speed flow, a basic examination of ignition lag controlled
by mixing processes and chemical kinetics is necessary. The
present contribution considers a typical case for high speed
mixing layers as shown in Fig. 1. A hot oxidizer stream mixes
with a cool fuel stream at x = 0, with temperatures r10 and
r2o, mass fractions Y0 and YF, and velocities «i0 and «2o,
respectively, both semi-infinite and supersonic.

A nonreacting supersonic mixing layer has been explored
experimentally by Papamoschou and Roshko,12 who showed
that the growth rate decreases with the increase of convective
Mach number Mc because of the reduced amplification of the
disturbance. Sekar and Mukunda's13 calculation shows that,
in velocity difference of 830 m/s for Mc = 0.76, the Reynolds
number based on the velocity difference is about 4 x 102. This
value may be low enough to consider the flow to be laminar.
In the present study, we assume that the velocity difference is
not too large, then it is justifiable to consider the flow to be
laminar and shock free.

To understand the essential physical and chemical pro-
cesses, we use the three-step, irreversible schematic model
proposed by Birkan and Law.7

F + Rl-+

O + R2-^

(la)

(Ib)

(Ic)

where F, O, P, andM' designate fuel, oxidizer, product, and
an inert third body, respectively; and R\ and R2, are the
intermediate radicals. The first two reactions (la) and (Ib) are

chain-branching reactions with negligible chemical heat re-
lease and high-activation energies that require radicals to pro-
ceed and, in turn, generate more radicals. The third one (Ic) is
a exothermic termination with zero activation energy. Treat-
ing these three reactions as elementary ones, their reaction
rates o>/ can be written as

With conventional transport property assumptions (unit
Prandtl number and unit Lewis number), the nondimensional
governing equations with zero pressure gradient can be written
as following:

PT=l

V

L[u}=0

-oy/

L{YRl] = -c

Subject to the boundary conditions for x - 0, y > 0, x > 0,
y —> + oo

r iji V I V V f\
= * 10» rO = 1, *F = *R2 = 0

Ftf! = Vw, U = 1, V = 0

for x = 0, j> < 0 and * >0, ̂  - - oo

r=72o , ^^ Y° = Y*l = Q
 (2b)

where

and the various reference parameters are given by

QY0

'*~CPW0>

Wref = i = PlOj ef4ef =

j =F9 0,Rl9R2

The nondimensional reaction rates are

Fig. 1 Schematic illustration of the problem. 5 = ̂ 2^o^2exp(-rfl/r) (4)
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0)3 — R2 where

where

are the Damkohler numbers of reactions (la), (Ib), and (Ic),
respectively, representing the ratio of characteristic flow time
to characteristic time of each reaction. Here, *>10 and *>2o denote
the initial mass fraction of radicals that are needed for the
initiation of chain branching reactions. In the present model,
the initial values of *>i0 and v2o are assumed to be two orders
smaller than the concentration of reactants, that is, 0(e3), to

i simulate the recirculatipn zone in scramjet engines. If the
initial values are very low, a fourth reaction F^R2 is needed
because the branching reactions (la) and (Ib) are extremely
slow. To obtain ithe equations in a form compatible with
similar solutions, the customary Howarth-Dorodnitsyn trans-
formation is introduced

T d ^ j (5a)

The transformed equations may also be written in terms of the
variables £ and r/

r/ - 770 = w =
(5b)

Thus, the velocity, temperature, and mass fractions can be
determined from the equations

f'"+2ff"=Q

Tn - r10M2(T -

COp = — C

= — C02 +

= — C*>2

— 0)3

(6a)

(6b)

(6c)

(6d)

Here we have assumed that c = p2D is constant to represent
the linear viscosity law.

Equations (6) do not have similarity solutions due to the
presence of the nonlinear source terms. However, by using the
Shvab-Zeldovich approach, coupling functions T— YF + 2YO
+ Ym and T - Y0+ 2YF + YR can be obtained, yielding

T - YF + 2Y0 + Ym = TIO + 2 + *>10

+ (^20 - a - TIQ - 2 - ^i0)A

+ (7 - l)M2r10(l - w20)2^(l - h)/2 (la)

T-Y0+2YF+YR2=T10-1

+ (T20 + 2a - Tw + 1 + *>2o)/*

+ (7 - l)M2r10(l - «2o)2Ml - A)/2 (7b)

/(<»)-
7(00) -/(-GO)

f' r r i7(7?)= exp - 2/(5)d5 \dt
Jo L Jo J

(7c)

Asymptotic Solution
Outer Solution

Our purpose here is to find an asymptotic solution in the
limit of large activation energy (7^—>oo) with Y0, YF, and T<*
being of order unity and with Damkohler numbers ranging
from zero to a finite value. In the range of Ta > 1, chemical
reactions occur only in a thin region of 0(e) around the loca-
tion of maximum temperature. Within the reaction layer, the
value of rj is very large because of the temperature difference.2
In the broad outer regime, the branching reactions are effec-
tively suppressed because of their temperature-sensitive Arrhe-
nius kinetics. The exponential term should be very small com-
pared to the convection and diffusion terms.

For large values of 77, the stream function can be expanded

."20-1
V87T(1

and this shows that it is justifiable to use/
tion. By introducing

f = [1 - exp(r,)]/2, Mu =

(8)

17 as a simplifica-

(9)
and considering that the temperature distributions of the
frozen region are perturbed from their zeroth solutions by a
small amount of order e, the following expressions are ob-
tained for the first-order perturbations from Eqs. (6)

- 0/2 + 0(e2)
(10a)

T+ = T10 - & + a f ( l - f) + a2
+e(l - f)

+ (7 - l)M2r10f(l - f)/2 + 6(e2) (lOb)

(lOc)

Yf = a + bf (1 - f) + b2
+e(l - f ) + 0(e2) (lOd)

YO = 1 + cf f + c2 ef + 0(e2) (lOe)

- f) + c2
+e(l - f) + 6(e2) (lOf)

where the superscript minus denotes the solution of the fuel
side and the superscript plus that of the oxidizer side. Since
most of the radicals generated in the reaction zone are com-
bined quickly with each other, the radical leakage to the
frozen region is very small. Substituting the perturbations into
Eqs. (7) and applying the preceding requirement to the profiles
of y^i and YR2, we can obtain eight equations to decide bf,
bf, c f , andc2

±.

Inner Solution
Since the velocity difference is not too large, / « r? is a prac-

tical arid simple approximation for the reaction zone where 77
has a fairly large positive value. By using the function f and
neglecting the first term compared with other terms12 in this
nearly frozen ignition regime, Eqs. (6) can be rewritten as

(lla)
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d2YF I
-TTJ; = g(&-ZDalYFYmexv(-Ta/T) (lib)
dr P

(lie)

where g(£) = 47rexp(2?/2). In the reaction region of thickness
of 0(e), temperature rise is of order 0(e) from the frozen
temperature profile. Studies from chemical kinetics have
demonstrated that radicals usually exist in low concentration
before chain branching explosions. It may be reasonable to
assume that the radical concentrations are about one order
smaller than the reactant concentration in the reaction zone.
When the stretched spatial coordinate X = £/e is introduced,
the temperature and the reactant distributions are expanded as

T(X) = e[0(X) - e(7 -

Y0(X) = 1 + e[y0(X) -

YF(X) = e[yF(X)

, YR2) = e2[AfV*

+ 0(e2)

0(e2)

0(e2)
(12a)

(12b)

(12c)

(12d)

Substituting these inner expansions into Eqs. (11), we obtain

(13a)

(13b)

(Be)X:2 d20— 5

where

(14)

PlO

PlO
(15)

A3 =

5 =
Pio

> = |3 - (7 -
(16)

It is clear that AI, A2, and A3 are the relevant reduced
Damkohler numbers of reactions (la-lc), representing the
ratios of characteristic flow time to the characteristic reaction
time of each of these equations. As Birkan and Law7 have
done, we introduce d as a measure of the overall efficiency of
the branching to the termination reaction and /30 as a measure
of nondimensional temperature difference and dissipation.

In the limit of e—>0, the numerators of Eqs. (14) should tend
to zero in order that the radical concentrations remain finite.
Using this requirement and matching the inner solution with
the outer solution, we can obtain an equation that is exactly
the same form as that describing the nearly frozen ignition
regime of Lilian and Crespo2 and Niioka14 for a one-step
overall reaction, that is,

(17a)

(17b)

= 2(9, X = 2aX,

where

and the radical concentrations in the reaction layer are

ym = [ l r - ( 0

yR2 = e(-B

(18)

(19)

Thus, by using |ig, the dimensional ignition distance can be
represented as

(20)
where

10exp(2rg
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Fig. 4 Concentration profiles of radical RI and R2 for 0 = 0.7 and
various £.
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Fig. 5 Effect of velocity difference on ignition distance with differ-
ence reaction heat release.

representing the reference length as a measure of the chemical
characteristic length.

Results and Discussion
Equations (17) have been solved numerically by using the

quasilinearization technique. Figure 2 exhibits the lower bend
of the S-resppnse curve produced by plotting the maximum
temperature 0(oo) as a function of | for various 3, where | is
the nondimensional ignition distance and 3 consists of both
the initial temperature difference and dissipation term nondi-
mensionalized by chemical heat release. The response curves
of the considered combustion system clearly display ignition
phenomenon at the points where the curves turn around. This
means that the vertical tangents of these curves at the turning
points are the critical ignition distance. It is shown that the
temperature rise at the turning point decreases with the in-
crease of the fuel stream temperature.

Figure 3 shows the ignition distance plotted as a function of
parameter $. Lilian and Crespo2 have shown that an excellent
approximation for fig is 2e~2J3(2 - /3)/(l - /3)2. They pointed

out that the character of the ignition stage depends on the
difference of the initial temperature of the reactants. In the
present analysis, the parameter /3 here contains the contribu-
tion of viscous heating to the ignition, we fill find that this
viscous heating plays an important role in the supersonic
mixing layer as well as the initial temperature difference. It
should be noted that the present analysis is only valid for
TIQ ~ T20 = 0(1). The case of Tw - T20 = 0(e) needs another
analysis because the reaction can occur at the whole domain of
the mixing layer.

Figure 4 shows the development of the concentration of
radicals. It is seen that both radical RI and radical R2 increase
quickly along the stream. Reaction is initiated at the high
temperature region because of the temperature-sensitive Arr-
henius kinetics, even though the concentration of fuel is very
low there. However, after the initiation, a higher fuel concen-
tration is needed to accelerate the branching reaction. There-
fore, the reaction zone moves gradually to the low tempera-
ture side and generates more and more radicals with the
development of streams. Around f = 2.2 in Fig. 4 there exists
a turning point for maximum radical concentrations, like tem-
perature, representing the branching explosion.

It is of interest to investigate the effects of shear parameters.
In Fig. 5 we plotted the nondimensional ignition distance as a
function of velocity difference for various /3. With constant
initial temperatures, it is seen that ignition is greatly delayed
with the decrease of chemical heat release and is accelerated
due to the existence of velocity difference. For small reaction
heat release, the temperature rise in the reaction zone only
depends on the convection and diffusion, which makes the
initiation of the branching reaction difficult. On the other
hand, a larger velocity difference enhances the mixing and
induces temperature rise by dissipation, causing ignition to
occur sooner. It is obvious that this effect is much more
important when chemical heat release is small. Therefore, as
shown in Fig. 5, the ignition distance should be greatest when
the velocity difference is zero; and, accordingly, there is no
convection normal to the main flow and no dissipation._

Figure 6 shows the dependence of ignition distance #ig/7i0 on
the Mach number for typical velocity differences. It is seen
that when the velocities are almost equal, ignition distance
increases almost linearly with Mach number. When the veloc-
ity difference is large, the ignition point moves downstream at
first, then reaches the turning point, and finally moves up-
stream with an increase of Mach number. It follows that an
increase of Mach number, while keeping constant velocity
ratio, leads to an increase of temperature, which feeds more
energy into the system causing it to ignite sooner.

It js shown that ignition distance is proportional to B3/
BiB2. Therefore, both the branching reactions and the termi-
nation reaction have strong effects on the ignition delay. Igni-
tion will be accelerated by an increase of branching reaction
rates and will be delayed by an increase of termination reac-
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Fig. 6 Effect of Mach number on ignition distance for typical veloc-
ity difference.
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tion rate since the increase of termination reaction rate will
decrease radical concentration and suppress the branching
reaction in reverse.

Conclusion
In the present study, the ignition of two reactants in a

supersonic mixing layer undergoing a chain reaction mecha-
nism is asymptotically analyzed. Attention is paid to the
branched chain chemical kinetics, shear parameters, and tem-
perature difference; this is a measure of departure from the
one-step overall reaction, isovelocity, and small temperature
difference. It is shown that a nearly frozen ignition regime also
exists in the supersonic case. Ignition is not only governed by
initial temperature as shown by Lilian and Crespo but also by
shear parameters and detailed chemistry. It is important that
the shear dissipation evolves heat, enhances the transport pro-
cess, and accelerates the ignition very strongly. Increase of
Mach number leads to the increase of ignition distance at low
Mach numbers and to the decrease of ignition distance at high
Mach numbers. Furthermore, it is shown that ignition is accel-
erated by an increase of branching reaction rates and is de-
layed by an increase of termination rate.
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